Abstract: Transport properties of 2D materials especially close to their boundary has received much attention after the successful fabrication of graphene and other fascinating materials afterwards.
and its combination with other material including s-wave superconductor. Interference pattern of transmitted and reflected electrons, graphene lensing effects and difference between Specular Andreev reflection and normal Andreev reflection are verified through our calculation.
I Introduction
As the emergence of a variety family of 2-D materials in the past decades, their transport properties has become one of the central focuses of condensed matter physicists. Graphene in particular has received much attention because of its Dirac like low energy excitations, gapless dispersion relation and degenerated boundary states. For infinitely large graphene system, different approaches has been used in calculating the conductance of graphene in the existence of disorder [1] [2] [3] [4] . There are also plenty of research papers devoted to the investigation of transport properties of graphene nanoribbons with zigzag or armchair boundary [5, 6] . These research more frequently utilize the finite size of the system in at least one direction to apply scattering matrix approach or Non-equilibrium Green's function. In this paper, the authors use NEGF to investigate point to point transport properties of infinite, semi-infinite graphene and their coupling with 2-D superconductors.
Unlike those focused on the low energy Dirac like excitation in graphene, our method is applicable to the full range of dispersion which indicates that this method is applicable to most 2-D material as long as we have the tight-binding description of the system.
II Green's function of infinitely large pristine graphene
The calculation method [7] and physical model [8, 9] we will introduce in this section is similar to what proposed by two previous papers. The physical system of interest contains three parts, two STM probes and a piece of infinitely large graphene. The main quantity we are calculating is the real space retarded Green's function G R (r 1 , r 2 , E) because it is the main ingredient we need to calculate electron transmission coefficient. The parameter E is often omitted and Green's function will mean retarded Green's function if there is no specification throughout the paper.
The first order tight-binding Hamiltonian of graphene written in its momentum space
where
k y ) and ǫ
This can be easily obtained from diagonalizing the 2 by 2 off diagonal Hamiltonian
where f (k) = 1 + e ika 1 + e ika 2 . From the diagonalized Hamiltonian, the Green's function of pristine graphene can be easily achieved
In order to calculate the real space Green's function, we have to switch back from the diagonal basis back to its sublattice basis
and since we are now talking about the infinitely large graphene with full translational symmetry, the summation over k can be transformed naturally to the integral over first which can greatly simplify our calculation. Because of the symmetry of the dispersion relation, let's discuss the case for 0 < E < t first. The case |E| > t will not be discussed since Fermi surface of pristine Graphene is close to its Dirac point which means it would be rather different to move the Fermi-level very far from the Dirac point. Now that the range of k y and k x are independent, we can integrate out the k x degree of freedom first which can be done easily by contour integral.
The way of drawing the contour is as described in fig.[2] . We extend the integral path to
π + ∞i and thus constructed a rectangular contour. The integral of the right and left branches cancel out each other, and the integral at the infinity is zero. As a result we can apply Residue theorem to calculate the integral over k x direction. Although not mentioned in the original text [7] , this step also involves some subtleties. This is because the poles actually fall symmetrically on the real axis and if we take into account both of them, we will lose the real part of retarded Green's function. The asymmetric way of picking poles arises from the infinite small imaginary part in the denominator of eqn. (4) As a result, the simplified Green's function can be written as
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The left integral in the k y direction can then be calculated using numerical methods because its poles are of order less than 1 which does not survive under integral. Moreover, if we are interested in Green's function between two points far apart from each other, we can use stationary phase approximation to further simplify our calculation [6] .
III Green's function of semi-infinite Graphene close to its zigzag boundary
The Green's function of semi-infinite graphene with an armchair boundary has been calculated using the symmetry property of the wavefunction [10] . Here we use a different approach to calculate the Green's function close to the zigzag boundary, and as we will see soon, its coupling with other materials. The building block we will be using to calculate these Green's functions is the surface Green's functions. To calculate this quantity, we need to make use of the translational symmetry in y direction and Dyson equations.
As indicated in fig.[3] , the combination of two semi-infinite graphene sheet must recover all the physical quantities of an infinitely large graphene. Therefore, we must have the following Dyson equation
where x 0 stands for the boundary position of the left graphene and x ′ 0 stands for the that of the right graphene. Fourier transform of this equation gives
In eqn. (7) all the Green's functions are still 2 by 2 matrices (A,B sublattice) while in eqn. (8) we are focusing on a particular element of the matrix. Eqn. (8) is a quadratic equation of g s,BB (x 0 , x 0 , k y ) which has two solutions. To determine which solution to choose, we developed a second method to solve for g s,BB (x 0 , x 0 , k y ) and choose the common solution of these two methods. This second method is very similar to the first one. We attach an infinitely long atomic chain to the zigzag boundary of the semi-infinite graphene and using the fact that the combined system must recover all physical quantities of a semi-infinite Graphene, we can write down another Dyson equation that has one common solution with the previous one. Since the second method is very similar to the first one, we here will provide the final result
where k x maintains the relation eqn. (6) with ky. With the surface Green's function in hand, we are ready to calculate other physically interesting quantities. Firstly we are interested in the Green's function away from the boundary G BB (x 1 , x 2 , ky) =g s,BB (x 1 , x 2 , ky)+ t 2 g s,BB (x 1 , x 0 , ky)g s,BB (x 0 , x 0 , ky)G BB (x 0 , x 2 , ky) (10)
The above two equations are sufficient to solve for g s,BB (x 1 , x 0 , ky) and g s,BB (x 1 , x 2 , ky) and other matrix elements can also be calculated straight forwardly. The real space
Green's function therefore writes
which can be calculated easily from numerical methods.
IV Coupling between two semi-infinite systems
In this section we use the method developed in last section to investigate two different systems. The first one is coupling between two semi-infinite graphene with different Fermi levels. It has been experimentally verified that if we set Fermi level of the left Graphene higher than the Dirac point and that of the right Graphene lower (a PN junction), the electron transmitting through the boundary from the left plane will focus to one point in the right plane, namely the so called graphene lensing effect [11] . While previous simulations either utilize the finite size of a graphene ribbon [12] or the approximation that the coupling will not greatly affect the graphene dispersion relation significantly, we are able to give a result without applying the above approximations. The Dyson equation for
where G(x ′ 0 , x r , ky) can be written as
The Green's function in eqn. (13) and eqn. (14) are 2 by 2 matrices with respect to its sublattices and the transmission matrix writeŝ
Here G stands for the Green's function of the combined system and g s,E l /Er stands for the semi-infinite Green's function of the left/right graphene. In fig. [4] we show the graphene lensing effect from our calculation. The focusing strength and the focal length depends solely on the relative Fermi levels. The data we show here demonstrates the case which the left Fermi surface is fixed at 0.5t above the Dirac point. When the right Fermi surface is set 0.5t below the Dirac point, we have a maximized focusing strength and the focal length is equal to the distance between the source probe and the boundary. When the right Fermi surface moves closer to/farther from the Dirac point, the focal length will become longer/shorter and the focusing effect will be weaken drastically. This is consistent with the semi-classical arguments.
Another system we think that is interesting enough to investigate is the coupling between graphene and conventional s-wave superconductor because of the proposed specular Andreev reflection [13] . Firstly we will need to write down that BdG hamiltonian of graphene and the superconductor. For simplicity, we assume the superconductor to have a square lattice structure and therefore its BdG hamiltonian writes
where ǫ k = U −2t[cos(ak x ) + cos(ak y )] is the energy dispersion of the square lattice and △ is the superconductor energy gap. To find the Green's function of the 2D superconductor we only need to solve the equation
which gives us the explicit expression of the real-space Green's function in its Nambu
The Green's function of Pristine graphene becomes a 4 by 4 matrix under Nambu representation and so does the Green's function of semi-infinite graphene. For normal graphene the superconducting energy gap is zero and therefore the extra Hamiltonian and Green's function for the hole degree of freedom is simply a copy of that of electrons' with inverted energy and k. Now as indicated in fig.[3] , we assume that only the B sublattice of
Graphene is coupled to the superconductor so that we are not interested in the A sublattice along the boundary of Graphene which make it reasonable for us to again focus on the BB or AB element of Graphene Green's function. Under Nambu representation each element is still a 2 by 2 matrix with the hole degree of freedom included.
The surface Green's function of the semi-infinite superconductor is calculate by the method introduced in previous section. In order to observe the transmission signature of specular Andreev reflection, we put both the source and drain STM probe on the graphene side and calculate the Andreev transmission coefficient using the relation
where Γ 1 and Γ 2 are the bandwidth functions of two probes [9, 15] . 
V Summary and discussion
So far we have introduced an approach of calculating the real-space Green's functions of semi-infinite 2D system from that of the translational invariant infinite system. Moreover, with the help of Dyson equations we are able to calculation Green's function of two different 2D systems that are glued together. Then we use the method to investigate two physical systems that were previously predicted to behave interestingly from semi-classical and wave function analysis. From our calculation we found an obvious focusing effect for electrons passing through a graphene PN junction, and the relation between focal length and Fermi levels is consistent with semiclassical prediction. For the case of graphene coupling to a superconductor we observe that firstly, Andreev transmission solely come from the reflection at the boundary because we cannot observe any unique transmission around the source probe as in normal transmission (in fig.[6] the transmission coefficient around the source probe is clearly larger). Secondly, when the energy of the electron is larger than the energy gap, electrons are much more likely to transmit through the boundary as a single particle excitation and therefore the Andreev transmission drop drastically. For electron with energy below the gap, if The method introduced in second and third sections on computing Green's functions apply not specifically to graphene but to any 2D material with a known band structure. In fact, we have applied this method to 1D system as well in calculating the surface Green's function of the STM probes as well.
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